
1. Introduction

The definition of lattice rotation is an important issue 
in plastic deformation models. This problem originated from 
the work of Hosford [1] and it was correctly defined and 
examined in [2,3]. It was thoroughly studied in the case of 
rolling deformation in the last years [4-8]. Let us recall an 
example concerning rolling process geometry. Two possible 
lattice rotations of a deformed grain are illustrated in Fig. 
1. An initially cubic grain is presented in two dimensional 
projection and its deformation, caused by a shear on the 
marked slip system with m slip direction and n slip plane, 
is shown in Fig. 1a. In the presented example x1 is parallel 
to the rolling direction (RD) and x3 is parallel to the normal 
direction (ND); the x2 axis, perpendicular to the plane of 
figure, is parallel to the transverse direction (TD). The 
resulting shape of this grain after occurrence of simple slip 
is shown in Fig. 1b. Till this stage the crystal lattice did not 
change its orientation. Each polycrystalline grain interacts, 
however, with its environment and some rigid body rotation 
is imposed. When classical rotation definition (CL definition) 
is applied (see section 2.2.1) the grain has a final position as 
sketched in Fig. 1c. Another definition of rotation is based 
on the orientation preservation (PR definition) of specified 
planes and directions in the sample coordinates frame. In 
the example shown in Fig. 1d a material plate parallel to 
rolling plane (RD,TD) and of a string of material parallel to 
rolling direction (RD) preserve their orientation in the sample 
coordinates frame. This condition results directly from the 
rolling deformation geometry. It is obvious that resulting 
final orientations of the crystal lattice are different in two 
presented cases.  

Application of these two definitions of crystal lattice 
rotation and of different magnitudes of interaction between 

a grain and its environment (L parameter; see Section 2.1) 
leads to very good predictions of two types of f.c.c. rolling 
textures, i.e., brass and copper types - Fig.2. This problem 
was widely discussed in [6] and [8], where it was argued that 
deformation and textures of low stacking fault energy metals 
(e.g., brass, silver) are correctly described, when low values 
of interaction parameter (L) are used. In contrast, higher 
values of L should be used in the case of high stacking fault 
energy metals (e.g., copper). The model predicted textures of 
Fig.2 agree well with experimental ones, in spite of higher 
intensities of the predicted textures, which is a typical effect. 
The existence of two types of  f.c.c. rolling textures was the 
subject of a long discussion in the literature [9-17].

Fig. 1. Deformation of an initially cubic sample seen in two-
dimensional projection: a) shear occurred on the slip system (n, m), b) 
shape and position of the grain (A’B’C’D’) after slip only, c) position 
after slip and CL lattice rotation, d) position after slip and PR lattice 
rotation [8]
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2. deformation model

2.1. short description of crystallographic deformation 
model

Each crystallographic deformation model contains two 
basic elements:
•	 law of interaction between crystallites and their 

environment,
•	 description of deformation mechanisms on crystal level.

The interaction between a grain and an average material 
(matrix) is described in the used model by the following law 
[18,19]:

(1)

where σij and  are local stress and plastic strain of a grain, 
and Σij and are analogous quantities for the sample; dot 
denotes time derivative. The interaction magnitude between 
a grain and the sample is described by L parameter. For f.c.c. 
metals L is typically in the range between 0 (Sachs model) and 
800 MPa (statistical taylor model). In the present work the 
value l=800 MPa was used for the prediction of tensile and 
compression textures.

The basic deformation mechanism in f.c.c. and b.c.c 
metals is crystallographic slip. It occurs on slip planes 
{hkl} along slip directions <uvw> laying on these planes. 

a) Predicted texture, CL definition b) Experimental copper texture 

c) Predicted texture, PR definition d) Experimental brass texture 

fig. 2. Predicted and calculated Odfs: a) simulated with cl definition of lattice rotation, <110>{111} slip, l=800 MPa, b) experimental 
Odf of polycrystalline copper; c (●) - copper orientation and B (♦) - brass orientation are marked, c) simulated with PR lattice rotation 

definition, <110>{111} slip, l=100 MPa, d) experimental Odf of polycrystalline brass ; B (♦) - brass orientation is marked. Rolling 
reduction for calculated and experimental textures is 50%
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Accordingly, one defines slip system families: <uvw>{hkl}. 
the considered slip systems were <110>{111} ones for f.c.c. 
structure and <111>{110},  <111>{112} , <111>{123} for 
b.c.c. structure metals. A given slip system becomes active if 
the resolved shear stress τ, occurring on it, equals or exceeds 
the critical stress for slip τcr (Schmid law):

(2)

The resolved stress on a slip system, defined by the unit vector 
m along slip direction and by the unit n vector perpendicular to 
the slip plane, is calculated as:

(3)

where mi and nj are components of m and n vectors; moreover, 
the convention of summation on repeated lower indices is 
applied in this work. The critical stresses for slip increase 
during deformation due to the work hardening. The linear 
hardening law was used, therefore an increase of τcr for the slip 
system ‘i’ after a given calculation increment is:

(4)

where Hij is the hardening matrix, h is its amplitude, δγ j is the 
slip shear increment on the j-th slip system and summation is 
done for over all active slip systems. The simple form of the 
hardening matrix was used, i.e., Hij=1 for i=j and Hij=A for 
i≠j. The A coefficient defines the type of hardening: A=1 is 
used for isotropic hardening (applied in this work) and A>1 for 
anisotropic hardening.

After a series of slip shears, the increase of the grain 
displacement gradient is:

(5)

and that of grain plastic strain:

(6)

where summation is done on all active slip systems (numbered 
by s). Finally, the sample strain is the average of grain strains:

(7)

where VI is the volume of I-th grain, V0 is the sample volume 
and summation is carried over all grains. And finally, what 
concerns the lattice rotation, it can be based on two definitions 
discussed in the next section.

2.2. Lattice rotation

A general relation defining the rotations appearing in 
deformation modeling is (see, e.g., [20]):

(8)

where δΩij is the increment of the total spin of the sample, 
 is the increment of the plastic spin (produced by shears 

on active slip systems) and  is the auxiliary rotation 
resulting from  mechanical constraints imposed on the sample. 
Therefore:

(9)

2.2.1 Classical definition (CL)

In some works the classical definition (CL) of lattice 
rotation is adopted. If one assumes no resultant rigid body 
rotation of the sample ( ) and of a grain ( ), 
then a grain plastic rotation, , after every increment of the 
slip shear has to be compensated by an auxiliary grain lattice 
rotation :  

(10)

A sum of these rotation increments occurring in a given 
calculation step, which results from shears on active slip 
systems (numbered by s), determines a final orientation change 
of a grain lattice: 

(11)

The CL definition is universal, i.e., it is applicable for 
any deformation geometry. It is used in some handbooks (e.g., 
[21]) and papers (e.g. [22]). 

2.2.2 Definition based on preservation condition (PR)

Another approach is based on the assumption  that specific 
sample planes/directions preserve constant orientations in the 
sample reference system (PR definition). Such the condition 
is imposed by a deformation geometry and let us consider that 
it is also fulfilled by each grain. In the case of rolling, where 
the orientation preservation of rolling direction  (x1 axis) 
direction and of rolling plane (x1x2 plane) is assumed, it leads 
to the compensation of the following components of the grain 
displacement gradient tensor: 
and . This leads to  the following grain lattice 
rotation, occurring after each slip shear increment δγ [4,8]:

(12)

The total grain rotation, , after 
a shear increment is not equal to zero in this case, but its value is 
strongly reduced after a series of glides on different slip systems 
(multi-slip). The same concerns the sample rotation Ωij. The 
resulting rotation of grain lattice after a series of glides is: 

(13)

In the present work we examine, however, the case of 
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axisymmetric deformation, i.e., tensile and compression tests. 
Thus, in the case of tensile test along x3 sample axis, a string 
of material parallel to this axis cannot be inclined towards axes 
x1 and x2. Consequently,  and  have to compensated by 
the lattice rotation:  

(14)

In the above equation , because any 
specific relation between orientations of x1 and x2 sample axes 
is not imposed by the deformation geometry and an obvious 
relation is verified: .

The example of tensile deformation of a single crystal 
along x3 axis and resulting lattice rotation is shown in Fig. 3.

In the case of the compression along x3 direction a plate 
of material perpendicular to this direction, i.e., x1x2, plane has 
to preserve constant orientation. This leads to a requirement 
that the and  components of the displacement gradient 
tensor have to be compensated by respective components of 
the lattice rotation tensor:

Fig. 3. Tensile deformation of a single crystal along x3 axis: a) before 
slip, b) after slip, c) after slip and lattice rotation assuring constant 
orientation of a string of material parallel to the tensile axis (x3 axis)

(15)

Here again, , because any specific 
relation between orientations of x1 and x2 sample axes is not 
imposed by the deformation geometry and an obvious relation 
has to be verified: .

    a) Predicted pole figures, CL definition

b) Predicted pole figures, PR definition

c) Experimental

fig.4  tensile f.c.c. textures represented by {111}, {100}, {110} Pfs and IPfs for tensile direction: a) predicted with cl definition, b) 
predicted with PR definition, c) experimental PFs for aluminum and IPF for copper [23]) 
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3. predicted textures of axisymmetric deformation

The calculations presented in this section concern medium 
and high stacking fault energy metals, therefore the value of  
L=800 MPa was used. CL and PR lattice rotation definitions 
were used and the final strain was ε=0.6. In the case of tensile 
and compression textures it is convenient to use pole figures 
(PFs) and inverse pole figures (IPFs) and they are analyzed in 
this section. The experimental data was taken from literature, 
except of PFs of aluminum from Fig.4c. 

3.1. tensile deformation, f.c.c. structure

Predicted and experimental PFs and IPFs for the 
stretched f.c.c. polycrystalline materials are shown in 
fig.4. the predicted {100}, {110} and {111} Pfs seem to 
be identical for CL and PR rotation definitions and they 
agree perfectly with maxima of experimental  PFs for 
aluminum. However, subtle differences between predicted 
textures can be detected analyzing IPFs for tensile direction 
(x3). Both model calculated textures contain <100> and 
<111>  fiber components, which is in agreement with 
experimental texture. Nevertheless, when comparing  IPFs 
from Figs.4a and 4b, one finds that CL texture contains an 

important spread of orientations between <100> and <111>  
fibers, which do not appear in experimental IPF (Fig. 4c). 
Therefore, PR definition gives a better texture prediction, 
closer to experimental data.

3.2. Tensile deformation, b.c.c. structure

Predicted and experimental PFs and IPFs for the stretched 
b.c.c. polycrystalline metals are shown in fig.5. the predicted 
{100}, {110} and {111} Pfs seem to be identical for CL and 
PR rotation definitions. A comparison with experimental 
{110} and {111} Pfs of tungsten confirms a very good 
agreement. However, the IPF predicted with CL definition is 
more dispersed than that obtained with PR one. The latter is 
closer to the experimental IPf - fig. 5c.

3.3. compression deformation, f.c.c. structure

Both definitions lead to very similar textures, dominated 
by the <110>  fiber component (figs.6a,b). In addition one 
observes in IPFs a “tail” of orientations, starting from  <110> 
towards <100>, which is in a very good agreement with 
experiment (Fig.6c). However, as in the preceding cases, the 

a) Predicted pole figures, CL definition

b) Predicted pole figures, PR definition

c) Experimental

fig. 5. tensile b.c.c. textures represented by {111}, {100}, {110} Pfs and IPfs for tensile direction: a) predicted with cl definition, b) 
predicted with PR definition, c) experimental Pfs for tungsten [24]) and IPf for fe wire [25]
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predicted IFP is less dispersed in the case of PR definition than 
in the case of CL, which is closer to experimental IFP.

3.4. Compression deformation, b.c.c. structure

Predicted and experimental PFs and IPFs for compressed 
b.c.c. polycrystalline metals are shown in Fig.7. The predicted 
{100}, {110} and {211} Pfs with CL and PR rotation 
definitions are very similar and they agree with experimental 
PFs for steel. However, some difference between CL and PR 
predicted textures are visible on IPFs. Both model calculated 
textures contain <100> and <111>  fiber components, which 
is in agreement with  experimental texture, but the CL texture 
contains also a spread of orientations between <100> and 
<111>  fibers, which do not appear in experimental IPF (Fig. 
7c). Therefore, PR definition gives a better texture prediction, 
closer to experimental data. This is analogous result to that of 
f.c.c. tensile texture (Fig. 4).

4. conclusions

The examined two types of lattice rotation definition 
(CL and PR), used in the deformation model, lead to similar 
predicted textures of axisymmetric deformation for f.c.c. 

and b.c.c. polycrystalline metals, very close to experimental 
ones. 

One can ask, why pole figures predicted with the two 
discussed lattice rotation definitions are so close. The reason 
is the occurrence of  the multi-slip during plastic deformation. 
the relations given by Eqs.10,12,14 concern one elementary 
slip event with a small shear amplitude. However, the final 
plastic strain and a change of lattice orientation of each grain 
result from a series of consecutive slip events on different slip 
systems. this fact is expressed by Eqs. 5,6,11,13. the action 
of multi-slip process leads to averaging of lattice rotations 
produced by individual slip systems. This effect reduces the 
effect of different CL and PR definitions and correspondingly 
the predicted textures.

In spite of the above textures similarities, some differences 
between textures calculated using CL and PR lattice rotations 
can be pointed out. They consists in visibly wider dispersions 
of texture maxima in the case of CL definition. Our calculations 
show that textures obtained with PR definition are closer to the 
experimental data. 

It can be noted, however, that differences between CL 
and PR calculated textures are less significant in the case of 
axisymmetric deformation than in the case of rolling process. 
This can be explained by a higher sensibility on the rotation 
definition in the case of lower symmetry deformation (i.e., 
rolling versus axisymmetric deformation).

a) Predicted pole figures, CL definition

b) Predicted pole figures, PR definition

c) Experimental

fig.6.  compression f.c.c. textures represented by {111}, {100}, {110} Pfs and IPfs for tensile direction:, a) predicted with cl definition, b) 
predicted with PR definition, c) experimental PFs for copper [26] and IFP for nickel [27]
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It can be also mentioned that deformation models are 
used for interpretation of the residual stress measurements by 
X-ray and neutron diffraction [30-32]. the use of CL or PR 
definitions of lattice rotation can modify the estimated residual 
stress values [33].
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